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Abstract 

We examine models of fermions with infinite-range interactions which realize non-Fermi liquids with a 
continuously variable U(l) charge density Q, and a non-zero entropy density S at vanishing temperature. 
Real time correlators of operators carrying U(l) charge q at a low temperature T are characterized by 
a Q-dependent frequency iog = {qT/ h){dS/dQ) which determines a spectral asymmetry. We show that 
the correlators match precisely with those of the AdS 2 horizons of extremal charged black holes. On 
the black hole side, the matching employs S as the Bekenstein-Hawking entropy density, and the laws 
of black hole thermodynamics which relate {dS/dQ)/{2 'it) to the electric field strength in AdS 2 . The 
fermion model entropy is computed using the microscopic degrees of freedom of a UV complete theory 
without supersymmetry. 
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I. INTRODUCTION 


Holography provides us with powerful tools for investigating models of quantum matter without 
quasiparticle excitations. The best understood among these are strongly-coupled conformal held 
theories (CFTs) in spatial dimensions d > 2. Our understanding of such models is built upon 
the foundation provided by the solvable example of maximally supersymmetric Yang-Mills theory, 
which is known to be holographically dual to string theory on anti-de Sitter space [1]. 

However, many holographic studies [2-4] have focused on experimentally important examples 
of strongly-coupled quantum matter which are not CFTs. Of particular interest are compressible 
states without quasiparticles, or ‘strange metals’, in dimensions d > 2. Broadly dehned, these 
are quantum states without quasiparticles in which a conserved U(l) charge density Q can be 
continuously varied at zero temperature by a conjugate chemical potential, and the U(l) and 
translational symmetries are not spontaneously broken. Solvable examples of strange metals with 
holographic duals would clearly be of great interest. 

Here we consider the strange metal state introduced by Sachdev and Ye [5] (SY) in a model 
of fermions with inhnite-range interactions. The fermion density Q is conserved and continuously 
variable, and there is a non-zero entropy density, S, at vanishing temperature [6, 7]. The fermion 
Green’s function is momentum independent and so has no Fermi surface (but there is a remnant 
of the Luttinger theorem, as discussed in Appendix A). The Green’s function is divergent at low 
frequency (cu) and temperature (T) with a known scaling function [6-8] (the explicit form is in 
Eq. (3) below), determined by the fermion scaling dimension. A, its U(l) charge q = 1, and a 
spectral asymmetry frequency we shall denote by us. This frequency determines the asymmetry 
between the particle and hole excitations of the non-Fermi liquid. The values of A and q are hxed 
and universal (as in traditional critical phenomena), while that of us varies with the compressible 
density Q in an apparently non-universal manner. However, the same us, scaled by the value of 
q, appears in the correlators of all operators. 

One general way to £x the precise value of us, without a priori knowledge of the full oj depen¬ 
dence of the correlator, is the following. The product of the retarded (G^) and advanced (G^) 
Green’s functions obeys 

G^(a;)G^(u;) = <Fe(u;-a;5), (1) 

where is some even function of co. So the content of Eq. (1) is that becomes an even 

function of frequency after the frequency shift, us- With this dehnition, it was found [6-8] that 
there is a surprising general relationship between us and the zero temperature entropy S density 


qT dS 


( 2 ) 


Such a relationship was hrst found in the ‘multichannel Kondo’ problem of a local spin degree 
of freedom at the boundary of a GFT2 [i.e. a GFT in H-l spacetime dimensions) [6]. It was 
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later extended [7, 8] to the fermion model of SY, in which we define S and Q per site, and there 
are no explicit CFT2 degrees freedom; instead each fermion site is inflnenced by a self-consistent 
environment, and this environment plays a role similar to that of the CFT2 in the Kondo problem. 
Both S and us are non-universal fnnctions of the compressible density Q, bnt they are related as 
in Eq. (2). It is qnite remarkable to have a dynamical freqnency determined by a thermodynamic 
property (which is also defined classically) divided by h] other notable instances of connections 
between observables characterizing low frequency dissipation and static thermodynamics or fun¬ 
damental constants are in Refs. 9 and 10. For the SY state, this value of us relies on emergent 
symmetries at low energies, but also requires careful regularization of the single-site canonical 
fermions present at high energies. In other words, the entropy S density in Eq. (2) counts all the 
degrees of freedom in a UV finite fermion model. Indeed, in this context, Parcollet et al. [6] note: 
“It is tempting to speculate that a deeper interpretation of these facts is still to be found”. 


As we shall demonstrate in this paper, the above properties of the SY state match precisely 
with the quantum theory holographically dual to extremal charged black holes with AdS 2 horizons 
[11-14]. As a specihc example, we will work with the Einstein-Maxwell theory of (planar or 
spherical) charged black holes embedded in asymptotically AdSrf +2 space, with d>2 (the Reissner- 
Nordstrom-AdS solution); however, the key features apply to a wide class of black hole solutions 
[15-21]. The correlators of this gravitational theory have the same functional dependence upon 
ca, T, q, A, and us as those of the SY state, given in Eq. (3) below, and this agreement can be 
understood by the common conformal and gauge invariances of the two theories [22-24] . However, 
there is a deeper correspondence between the two theories in that Eq. (2) for the value of us 
also applies in the gravitational theories. The holographic computation of correlators yields the 
value of ojs {e.g. by using Eq. (1)), while the right-hand-side of Eq. (2) is obtained from a 
classical gravitational computation of the Bekenstein-Hawking (or Wald) entropy. The equality in 
Eq. (2) follows from the classical general relativity of AdS 2 horizons of charged black holes (see 
Section IIIB), and this potentially provides the long sought interpretation for the value of us- 


For a general black hole solution, the values of us and S depend on Q in a manner different 
from the SY state, but they all continue to obey Eq. (2). This difference is not surprising, given 
that the Q-dependence of S for the SY state uses its canonical site-fermion structure in the UV, a 
characteristic which is not expected to be captured by a gravity dual. But the validity of Eq. (2) 
in the SY state, and in a wide class of gravity theories, is strong evidence that there is a gravity 
dual which captures all the universal low energy properties of the SY state. 


The common two-point correlator of a fermionic operator with U(l) charge q, and scaling 
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dimension A, in both the SY and AdS 2 theories is [6-8, 13, 25, 26] 




-iGe-^^ V 27rfcsT ) 
( 27 rT)i- 2 A r A - ’ 

V 27rfcBT ) 


( 3 ) 


where A = 1/4 for the g = 1 fundamental fermion of the SY state, the amplitude C is a real and 
positive, and the angle —vrA < 9 < ttA is given by 


^ 2 ^q£ ^ sin(7rA + 9) 
sin(7rA — 9)' 


(4) 


Here we have found is convenient to introduce a dimensionless, T-independent, parameter £ related 
to Us by 

' hus 


£ = 


(5) 


27rg ksT 

We have therefore introduced three parameters, us, £■, and 9^ all of which characterize the spectral 
asymmetry, and they can be determined from each other in Eqs. (4) and (5). The T —>■ 0 limit of 
the Fourier transform of Eq. (3) shows that £ also defines a ‘twist’ in the imaginary time fermionic 
correlator 

" -r-2^ , r>0 

|^|-2A ^ < 0. 


G(r) 


( 6 ) 


It is easy to verify that Eq. (3) obeys Eq. (1). We show a plot of Eq. (3) in Fig. 1 which illustrates 
the ‘shift’ property of G^{u)G-^{u). 

For the SY state, the previous work [6-8] establishes the additional relation in Eq. (2), which 
now relates the spectral asymmetry parameters us-, T, and 9 to dS/dQ. The T = 0 properties 
of the SY state reviewed above are summarized in the left panel of Fig. 2. For our subsequent 
discussion, it is useful to combine Eqs. (2) and (5) in the form 




27rT. 


(7) 


In the holographic computation of Eq. (3), the temperature, T, is the Hawking temperature of 
the black hole horizon [27], and the dimensionless spectral asymmetry parameter £ appearing in 
Eq. (6) (and Eq. (3)) is determined by the strength of the electric field (see Eq. (57)) supporting 
the near-horizon AdS 2 geometry [13, 26, 28] (see Fig. 2). A key observation in the holographic 
framework is that T, now related to the electric held, obeys an important identity which follows 
from the laws of black hole thermodynamics [29] (see Fig. 2; we set h = = 1 in the remaining 

discussion): 


^‘5bh 

dQ 


2tt£, 


( 8 ) 
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FIG. 1. Plots of the Green’s functions in Eq. (3) for A = 1/4, q = 1, T = \, A = 1, S = 1/4 with 
h = ks = ^- Note that while neither ImG^(a;) or ReG^(w) have any definite properties under oj •(-)■ —ca, 
the product G^{oj)G^{uj) becomes an even function of cj after a shift by ujs = 27rq£T = j^. 

where iSbh is the Bekenstein-Hawking entropy densiy of the AdS 2 horizon. Indeed, Eq. (8) is a 
general conseqnence of the classical Maxwell and Einstein eqnations, and the conformal invariance 
of the AdS 2 horizon, as we shall show in Section IIIB. Moreover, a Legendre transform of the 
identity in Eq. (8) was established by Sen [15, 16] for a wide class of theories of gravity in the 
Wald formalism [17-21], in which 5 bh is generalized to the Wald entropy. 

The main resnlt of this paper is the identical forms of the relationship Eq. (7) for the statistical 
entropy of the SY state, and Eq. (8) for the Bekenstein-Hawking entropy of AdS 2 horizons. This 
resnlt is strong evidence that there is a gravity dnal of the SY state with a AdS 2 horizon. Con¬ 
versely, assnming the existence of a gravity dnal, Eqs. (7) and (8) show that snch a correspondence 
is consistent only if the black hole entropy has the Bekenstein-Hawking valne, and endow the black 
hole entropy with a statistical interpretation [30]. 

It is important to keep in mind that (as we mentioned earlier) the models considered here have 
a different ‘eqnation of state’ relating E to Q: this is specihed for the SY state in Eq. (A5), for the 
planar black hole in Eq. (58), and for the spherical black hole in Eq. (B8). 

The holographic link between the SY state and the AdS 2 horizons of charged black branes has 
been conjectnred earlier [22-24], based upon the presence of a non-vanishing zero temperature 
entropy density and the conformal structure of correlators. The results above sharpen this link by 
establishing a precise quantitative connection for the Bekenstein-Hawking entropy [31, 32] of the 
black hole with the UV complete computation on the microscopic degrees of freedom of the SY 
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N 


H = 


V / ^ n h ^—1 



2 = 


Ci(T)4(0) 


— r , r > 0 

g-2^£ |^|-i/2 ^ < 0. 


Known ‘eqnation of state’ 
determines ^ as a fnnction of Q 

Microscopic zero temperature 
entropy density, <S, obeys 

i=- 


Einstein-Maxwell theory 
+ cosmological constant 


Horizon area Ah', 

AdSs X 

ds^ = (dC^ — dt^)/C^ + d5? 
Gauge field: A — {£/()dt 


Boundary 
area Ab', 
charge 
density Q 



X 


C — 'ijjT°‘Da'ip + m'b'b 
- (^(^)^(0)) ~ 


-r-V2 ,^>o 

g-27r£ |^|-l/2 ^ 0. 


‘Equation of state’ relating £ 
and Q depends upon the geometry 
of spacetime far from the AdS 2 

Black hole thermodynamics 
(classical general relativity) yields 
^‘5bh 


dQ 


— 27^8 


FIG. 2. Summary of the properties of the SY state (Section II) and planar charged black holes (Section III) 
at T = 0. The spatial co-ordinate x has d dimensions. All results apply also to spherical black holes 
considered in Appendix B. The AdS 2 x metric has unimportant prefactors noted in Eq. (55) which 
are not displayed above. The fermion mass m has to be adjusted to obtain the displayed power-law. The 
spectral asymmetry parameter £ appears in the fermion correlators and in the AdS 2 electric field. As the 
charge Q is increased, the horizon moves closer to the boundary, and its area. Ah, increases. In black 
hole thermodynamics, the Bekenstein-Hawking entropy density, 5 bh is related to area of the horizon via 
= Ah/i4:GNAb), where is Newton’s constant. 


state. 

It also worthwhile to note here that in the usual matrix large M limit of the AdS/CFT corre¬ 
spondence [1], S and Q are both of order [13]. So us and £ both remain of order unity in this 

limit. 
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We will present an infinite range model and its solution in Section 11. An important result here 
is the emergent conformal and gauge invariance in Eq. (26), which strongly constrains the low 
energy theory. We then turn to the Einstein-Maxwell theory of charged horizons in Section III 
and show that it also obeys Eqs. (1-8). We conclude with a discussion of broader implications is 
in Section IV. 


II. INFINITE RANGE MODEL 


SY considered a model of SU(M) spins with Gaussian random exchange interactions between 
any pair of N sites, followed by the double limit V —)■ cx) and then M —)■ cx). Their Hamiltonian is 


N M 


H = 






(9) 


i,j=l a,/3=l 


where the are canonical fermions obeying 

CiaCjji + Cjj^Cia = 0 , A 


( 10 ) 


and there is a fermion number constraint 

X^4aGa = Q, (11) 

a 

on every site i, with 0 < Q <1. The exchange interactions Jij are independent Gaussian random 
numbers with zero mean and equal variance. 

Kitaev [24] has recently pointed out that the SY state can also be realized in a simpler model of 
Majorana fermions in which only a single large N limit needs to be taken, and which also suppresses 
spin-glass order [7, 33-35] . We will present our results here using a complex fermion generalization 
of Kitaev’s proposal, but we emphasize that essentially all results below apply equally to the 
original model of SY in Eq. (9). We consider the Hamiltonian of spinless fermions c* 


H 


1 

(2V)3/2 


N 

i,j,k,£=l 


g5^4g> 

i 


( 12 ) 


with 


CjCj CjCi — 0 


Gc] -b c]ci = 6., 




(13) 


and the Jij-ke are complex, independent Gaussian random couplings with zero mean obeying 


Jji;k£ 


-Ji 


ij\ki 


Jij\£k 


-A 


ij\kl 


(14) 
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Because there is only a fermion interaction term in H, and no fermion hopping, Eq. (12) can be 
viewed as ‘matrix model’ on Fock space, with a dimension which is exponentially large N. The 
conserved U(l) density, Q is now related to the average fermion number by 

e = V . ( 15 ) 

i 


which replaces the on-site constraint in Eq. (11). The value of 0 < Q < 1 can be varied by the 
chemical potential /i. The solution described below applies for any p, and so realizes a compressible 
state. 

Note that we could equally have defined Q without the 1/N prefactor in Eq. (15); then we 
would have to dehne S as the total entropy, and both Q and S would be proportional to N in the 
large N limit. The latter scaling would then be similar to the scaling of these quantities in 
the usual matrix large M limit of the AdS/CFT correspondence [1]. But we choose to work here 
with an intensive definition of Q and S, and keep the 1/N in Eq. (15). 

Introducing replicas Qa, with a = 1... n, we can average over disorder and obtain the replicated 
imaginary time (r) action 




“Ut ^ 


C’ia 


JL 

4Ar3 


E 

ab 


-l/T 


dirdr' 




(16) 


(here we are neglecting normal-ordering corrections which vanish as N ^ oo). Following SY, 
we decouple the interaction by two successive Hubbard-Stratonovich transformations. First, we 
introduce the real held Qab{T,T') obeying 


Qai(T,T'] = 


( 17 ) 


In terms of this held 


Jo 






/m2 


[Qabir, r')] 


^QabiT,T) 


C^b[^ 


i 

A second decoupling with the complex held Pab{T, t') obeying 

yields 


(18) 


(19) 


"'"drcld 


\ _^ r'^/T TV N 

ta \ ^^J Cia + drdT'l—[Qab{r,T')f + yQab(r, t') \Pab{r,T')/ 

- Qab{r, T')Pba{r\ t ) 4(r)c.ft(r') 


( 20 ) 








Now we can integrate ont the fermions and obtain an action which can be solved in the saddle-point 
approximation in the limit of large N. The saddle-point eqnations are 


Pab{r,T') = 

Qab{T,T') = .P \Pab{T,T')f ( 21 ) 

Notice we have dropped the site index on the fermions, because all sites are equivalent and the 
saddle-point equations are dehned as a single-site problem. 

We do not expect spin-glass solutions in this model, and so we restrict our attention to replica 
diagonal solutions in which 

Pab{r,T')=6abG{T' -t), (22) 

where G{t) is the usual fermion Green’s function. In the operator formalism for the underlying 
Hamiltonian, this Green’s function is dehned in Euclidean time by 

G{n,T2) = (ci{Ti)cl{T2)^^ (23) 

i 

where denotes time-ordering, and G{ri—T 2 ) = G{ti,T 2 ). Now the large N saddle-point equations 
become [5] 

Vf,-,, ' . S(t) = -J=G=(t)G(-t), (24) 

where Un is a Matsubara frequency. Although they are innocuously simple in appearance, these 
equations contain a great deal of emergent scaling structure. 

In the low energy scaling limit, cn, T <C J, the iojn + /i — S(ia;„ = 0) is irrelevant [5]. Then, it is 
useful to write these equations in imaginary (Euclidean) time, separating the two time arguments 
of the Green’s functions (the self energy has the value of E(ia;„ = 0) subtracted out): 

j dT2G{Ti, r2)E(r2, Ts) = -6{ti - rg) 

S(ri,r2) = [G(ri,r2)]^G(r2,ri) (25) 

A crucial property of these equations is that they are invariant under the time re-parameterization 
r —)■ cr, under which 

r = f{(T) 

G{ti,T2) = [/'(ai)/'(a2)]"^^^^|^G(cTi,a2) 

S(ri, T 2 ) = [f{(Ti)f{a2)r^^^ E(ai, cxa) (26) 

where /(cr) and g{a) are arbitrary functions, corresponding to emergent conformal and U(l) gauge 
invariances. The conformal symmetry of the low energy Green’s functions has been noted earlier 
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[8, 22-24], and in the form in Eq. (26) by Kitaev [24] (withont the g{a) factors). The gauge 
transformation g{a) is a real number in Euclidean time, but it becomes a conventional U(l) phase 
factor in Minkowski time. For the original model of SY [5], the gauge invariance was explicitly 
present in the underlying Hamiltonian. In contrast, our Hamiltonian here in Eq. (12) is not gauge- 
invariant, and only has a global U(l) symmetry; nevertheless, a U(l) gauge invariance emerges in 
the low energy theory. 

Note that the iun term in Eq. (24) breaks both the conformal and gauge invariances. Although 
the iojn can mostly be neglected in studying the scaling limit, it is important in selecting the proper 
low energy solution of Eq. (25) from the highly degenerate possibilities allowed by Eq. (26). 


A. Low energy Green’s function 


We now show that the fermion Green’s function in Eq. (3) follows directly from the conformal 
and gauge invariances in Eq. (26), when combined with constraints from analyticity and unitarity. 
This Green’s function was obtained earlier [5-8] by explicit solution of the integral equation in 
Eq. (25) (and also, as discussed in Section HI, by the solution [13, 26] of a Dirac equation on a 
thermal AdS 2 background with a non-zero electric held). Given our reliance on conformal and 
gauge invariances, the computations below are straightforwardly generalized to other operators 
with different values of q. 

At the Matsubara frequencies, the Green’s function is dehned by 

.IIT 

G{iujn) = / dre*"’""G(r), (27) 

Jo 

and this is continued to all complex frequencies z via the spectral representation 


G{z) 


dVt p(D) 

TT Z — VL 


(28) 


The spectral density p(D) > 0 for all real D and T. The retarded Green’s function is G^{u:) = 
Gioj-^ir]) with rj a positive inhnitesimal, while the advanced Green’s function is G^{u) = G{u)—iri). 

At T = 0, given the scale invariance implicit in Eq. (26), we expect G{z) to be a power-law of 
; 2 . More precisely, Eq. (26) implies 


G{z) = G 


g-i(7r/4+6») 


Im(^) > 0, 1^1 -C J, T = 0. 


(29) 


Positivity of p(D) now implies G > 0 and —7r/4 < 6 < tt/A. An inverse Fourier transform yields 


G(r) 


Gsin(7r/4-F6') 

a/Tt 

G cos(7r/4 -|- 6) 


r 3> 1/J, T = 0 
—r S> 1/J, T = 0. 


(30) 
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We obtain the non-zero temperature solution by choosing the conformal map in Eq. (26) as 


r = tan(7rT(T) 


( 31 ) 


where a is the periodic imaginary time co-ordinate with period 1/T. Applying this map to Eq. (30) 
we obtain 

( 


G{a) = 


rp \ 1/2 


Cg{a) cos(7r/4 -|- 9) 


T 


1/2 


0 < CT < — 

T 


, 0 < —a < 

’ T 


(32) 


^sin(— ttTct) 

The function g{(T) is so far undetermined apart from a normalization choice (/(O) = 1. We can now 
determine g{a) by imposing the KMS condition 


which implies 

The solution is clearly 


G{a + l/T) = -G{(j) 
g{(T) = tan(7r/4 -|- d)g{a + 1/T). 


(33) 

(34) 


g(a) = (35) 

where the new parameter £ and the angle 9 are related as in Eq. (4) for A = 1/4 and q = 1- The 
final expression determining G{(t) is 

3—27r£)T(T ^ T \ 

sm(7rTcr) / 


G{a) = -G 


a/ 1 + e 


4:7rS 


, 0 <a < -, 


(36) 


and this can be extended to all real a using the KMS condition. The result in Eq. (3) now follows 
from a Fourier transform. 

For other fermionic operators with general charge q and scaling dimension A, the above argu¬ 
ments show that the a dependence of Eq. (36) will be replaced by 

2A T 


Gia) 


^—2'Kq€T<j 


T Y 

in(7rTcT) / 


, 0 < a < -, 


and its Fourier transform will have the frequency shift 

Us = 2nqT£. 


(37) 


(38) 


The T —)■ 0 limit of Eq. (37) leads to Eq. (6). 

The above analysis can be easily repeated for bosonic operators of charge q and scaling dimension 
A. The result in Eq. (3) continues to apply, while Eq. (4) is modihed to 


^ 2 ^qS ^ sin(7rA + 9) 
sin(7rA — 9) 


(39) 
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The constraint on the allowed valnes of 6 is now ttA < 9 < 7r(l — A). 

The constants C and 9 (or £) appearing in Eq. (3) can also be determined exactly for the 
microscopic model in Eq. (12), as reviewed in Appendix A; however, their valnes depend npon the 
specihc UV completion nsed here, and do not apply to the holographic model of Section III. In 
particnlar the ‘eqnation of state’ for Q as a fnnction of £ is in Eq. (A5). 


B. Entropy 


To complete onr resnlts for the SY state, we need to establish the connection in Eq. (2) between 
Us and the zero temperatnre entropy density S. This is connection is the focns of onr work, and 
it also relies on the conformal and gange invariances in Eq. (26). However, in addition, we need 
information on the UV complete natnre of the fermion model, and in particnlar, the fact that the 
short-time behavior of the fermion Green’s fnnction is determined by canonical fermions obeying 
the anti-commntation relations in Eq. (13). 

The compntation of the entropy follows Refs. 6 and 7, and relies on the thermodynamic Maxwell 
relation 

/ /P,*? \ / rill \ 

(40) 


V^/T 


5/i 

w 


Q 


In the T —)■ 0 limit, Parcollet et al. [6] (Section VI.A.2) show that the right-hand-side of Eq. (40) 
can be evalnated nsing the imaginary time Green’s fnnction, and we review their compntation here. 
Their argnment reqnires not only the scaling behavior of the Green’s fnnction at times r 3> 1/J 
given in Eq. (37), bnt also the short time behavior which is beyond the conformal regime. First, 
we observe from Eq. (24) the large freqnency behavior 


G{iUn) = - 

tu„. 


/i 


{iUnf 


+ ... 


which implies, from Eq. (28), 


/■“ dVL 
/i = -/ 

J vr 


(41) 


(42) 


which makes it evident that /i depends only npon the particle-hole asymmetric part of the spectral 
density. Next, we can relate the G integrals to the derivative of the imaginary time correlator 


/r = -drG{T = 0+) - drG{T = (l/T)"). 


(43) 


Making the analogy to Eq. (36), we pnll ont an explicitly particle-hole asymmetric part of G{t) 
by defining 

G(r) = e-2’'"^'<,(r) , 0<ff<i (44) 

Note that £ was introduced as a parameter in Eq. (36), and then appears in Eq. (3) via Eq. (38). 
(It might appear that we can absorb the chemical potential, /r, in the Hamiltonian by a temporal 
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gauge transformation, and that such a transformation combined with Eq. (44) implies fi = —2 ti£T 
and so yields d^/dT; however this argument is flawed because fi also includes a Q-dependent 
piece at T = 0, which must also be accounted for in the gauge transformation. The non-zero Q 
ground state is not invariant under gauge transformations.) We proceed in our computation of fi 
by inserting Eq. (44) into Eq. (43) to obtain 

fi = 2n£T [G{t = 0+) + G(r = (l/T)")] - drg{T = 0+) - e-^-^drg{T = (l/T)") (45) 

For the term in the hrst square brackets, we have 

G{t = 0+) + G{t = (1/T)-) = G{t = 0+) - G{t = 0"^) = -1, (46) 


which follows from the KMS condition and the fermion anti-commutation relation in Eq. (13); 
also, this is related to the high frequency behavior G(|^| —)■ oo) = 1/z. Writing the second term 
in Eq. (45) in terms of a spectral density Pg{fi) for g^r), we obtain 




-27r£T - 


dn [Pg(fl) - e ^^^pg(-fl)] _ 


vr 


1 -|- e 


(47) 


(we note that there is a sign error on the right-hand-side of Eq. (65) in Ref. 6, and —pg{—fl) 
should be pg(—ff)). At this point. Ref. 6 argues that at low T and hxed Q, Pg must be particle 
hole symmetric with Pg{£t) = pg{—Vt), and that the T dependent part of the integral above scales 
as We therefore have 

and then the Maxwell relation in Eq. (40) leads to Eq. (8). 

Using the relationship between Q and £ specihed in Appendix A in Eq. (A5), and the limiting 
value iS = 0 in the empty state Q = 0, we can integrate Eq. (8) to obtain the full zero temperature 
entropy [7]. 


III. CHARGED BLACK HOLES 

This section (apart from Section IIIB) mainly recalls the results of Faulkner et al. [13, 26] on 
planar, charged black holes in AdSd+ 2 , and makes the correspondence with the properties of the 
SY state. We will also largely follow their notation, apart from the change d ^ d + 1 required 
by our dehnition of d as the spatial dimension (instead of the spacetime dimension). The case of 
spherical black holes in global AdS is more complicated and is considered in Appendix B; it has a 
more complex equation of state, but also obeys all results claimed in Section I. The discussion in 
the latter part of Section III B shows how the needed features of Faulkner et al. can be obtained 
in a more general class of black hole solutions. 
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We consider the Einstein-Maxwell theory of a metric g and a U(l) gange flnx F = dA with 
action 

where = StiGn, F is the Ricci scalar, R is the radius of AdS(i+ 2 , and gp is a dimensionless 
gauge coupling constant. The equations of motion of this action have the solution [11, 12] 


^ , d{d+l) 

gl 


(49) 


with 




R2 


(—+ dx^) + 


dr"^ 

^2 f 


f 

A 





dt 


1 


(50) 


(51) 


This solution is expressed in terms of three parameters 0, tq, and p; these parameters are deter¬ 
mined by the charge density, Q, and temperature, T, of the boundary theory via the relations 

9fQ 

^ (d + l)ro / _ (d- 1)0^ \ 

AttR^ \ (d-l-l)rQ'^/ ’ 

The Bekenstein-Hawking entropy density [31, 32] of this solution is 


Q = 


Cd = 


2(d-l) 0 

Cd K^R^^gp 


2(d- 1) 
d ' 


(52) 


^5(^)1 (53) 

We turn next to the holographic implications of this solution at low energy [13, 26, 36], which is 
controlled by the near-horizon geometry. At T = 0, the horizon is at r = [0^(d — l)/(d -|- l)]^^^^'^^ 
and so we introduce the co-ordinate C by 

r-[e=(<i-l)/(<i+l)]‘'‘“> = i; (54) 


we approach the horizon as C —t oo (see Fig. 2). In terms of C, the near horizon geometry at T = 0 

is 


ds^ = Rl- 


dR + d(‘^) [0^(d — l)/(d-|-1)]^'^'^ 


+ 


ddr. 


c R^ 

The geometry has factorized to AdS 2 x M'^, where the AdS 2 radius is given by 


(55) 


R2 


R 

\l d(d -|- 1) 


(56) 
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In the same low energy limit the gauge held is (see Fig. 2) 


A = —dt. 


( 57 ) 


which determines the strength of the AdS 2 electric held in terms of the dimensionless parameter 
£. Notice that the value of £ in Eq. (57) is invariant under any rescaling of the co-ordinates 
which preserves the {—dt^ + structure of the AdS 2 metric. From the present near-horizon 

computation we hnd the value 

£ = (58) 

^2d{d+l) 

Eq. (58) is the ‘equation of state’ connecting Q to £, and the analogous expression for the fermion 
model is in Eq. (A5), and for the spherical black hole is in Eq. (B8); the non-analytic Q dependence 
in Eq. (58) becomes analytic for the spherical black hole in Appendix B. We recall that gp is a 
dimensionless coupling, and so £ is also dimensionless, and depends only upon gp and d; in 
particular, £ is independent of and so remains of order unity in the matrix large M limit of 
holography [1], as noted in Section I. 

We also take the T = 0 limit of Eq. (53) from Eq. (52), and hnd 


iSrh — 


27r^F|6| 

^2d(d+ 1) 


T ^ 0. 


(59) 


Comparing Eqs. (58) and (59), we hnd that Eq. (8) is indeed obeyed. Note that for the present 
case of a planar black hole, we can combine Eqs. (58) and (59) into the simple relationship [13] 


‘5bh — 2ttQ£. 


(60) 


Eq. (60) does not hold for a spherical black hole; but the more fundamental relation for dS^ii/dQ 
in Eq. (8) does hold, and is verihed in Appendix B, which also derives the diherent ‘equation of 
state’ relating £ and Q for a spherical black hole. 


A. Fermion correlations 


To conhrm the link to the fermion model, we need to show that the £ obtained above in Eq. (57) 
is the same as the £ (or the related us via Eq. (5)) appearing as the spectral asymmetry parameter 
in the response functions in Eqs. (3) and (6) (see Fig. 2). For this, we need the Green’s function 
of matter helds moving on a thermal AdS 2 metric. The hnite temperature generalization of the 
AdS 2 factor in Eq. (55) is [13, 26] 


ds'^ = 


e 


(1 - CVCo) dt^ + 


dC ' 

(1-CVa). ’ 


(61) 
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and that of the gauge held is 


A = 8 


(62) 



dt 


where 


T 


1 

2vrCo' 


(63) 


The action of a fermionic spinor, ip, of charge q moving in the backgrounds of Eqs. (61) and (62) 

is 


S = i 


d?x^/^ — mipip) 


(64) 


where m is a bulk fermion mass, T" are the Dirac Gamma matrices, and is a covariant derivative 
with charge q. The correlator of pj in this thermal AdS 2 [25] plus electric held background has 
been computed in some detail by Faulkner et al. [13, 26], and their result was already displayed 
in Eq. (3) in our notation. This computation shows that S = us/{27iqT) (Eq. (5)) is indeed the 
same parameter appearing in Eqs. (57) and (62). In this AdS 2 computation, the scaling dimension 
A is related to the bulk spinor mass by 


A = 


t - d 


(65) 


B. Black hole thermodynamics 


We close this section by noting a signihcant property of the above solution of classical general 
relativity at all T and Q. From the laws of black holes thermodynamics [29], we deduce that the 
horizon area and the chemical potential must obey a thermodynamic Maxwell relation 


dSBR\ _ f 
dQ)^- 


( 66 ) 


which is the analog of that in the fermion model computation in Eq. (40). And indeed we do hnd 
from Eqs. (52) and (53) that Eq. (66) is obeyed with 


— l)gFQ>rQ 

Q ^ ~ Cd{d + lyi^ + Cd{d - 1)(2d - 1)02 • 


(67) 


In determining the value of {dfi/dT)Q as T —)■ 0, rather than explicitly evaluating Eq. (67), it 
is instructive to use a more general argument which does not use the explicit form of the solution 
in Eqs. (51) and (52). From the original action in Eq. (49) and the metric in Eq. (50), Gauss’s law 
for the scalar potential in the bulk is 


2i?2 d /r'^ dAA _ 

K^g'pdr \R^ dr J 


(68) 
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and the constant of integration is the bonndary charge density 


/rUAA 

\R<^ dr ) ^ 

We can write the solntion of Eq. (69) as 


A,(r) = p.(T) 


_Q_ 

2{d — 1) / ’ 


( 69 ) 


(70) 


where the r-dependent term in Eq. (70) is independent of T at hxed Q, and the chemical potential 
fi eqnals At{r —)■ cx)) when we choose = 0 on the horizon. Now we transform to the near¬ 
horizon AdS 2 geometry by making a T-independent change of variables from r to C as in Eq. (54), 
r = r* -|- l/C, where r = r* is the position of the horizon at T = 0, but we won’t need the actual 
value of r*. Then Eq. (70) implies that, as C —)■ cxd, the near-horizon scalar potential must of the 
form in Eq. (62), where now we dehne ^ = Co as the position of the horizon at non-zero T, where 
T is a parameter independent of T, and 


dg, 

Wr 


Q 


dT 



(71) 


The T-dependence of Co ia Eq. (63) follows from the conformal mapping between the T = 0 AdS 2 
metric in Eq. (55) and T > 0 metric in Eq. (62) [26]. So we hnd by this general argument that 


which is the same as the fermion model result in Eq. (48). It can be verihed that Eq. (72) holds also 
in the spherical geometry of Appendix B. Combining Eq. (72) with Eq. (66), we obtain Eq. (8), 
which is a special case of results obtained from the Wald formalism [15-21]. 

We note that the above derivation of Eq. (72) relied only on Gauss’s Law and the conformal 
invariance of the AdS 2 near-horizon geometry: this implies that such results hold for a wide class 
of black hole solutions [15-21]. 


IV. DISCUSSION 

In our discussion of the SY state of the inhnite-range fermion model in Eq. (12), we noted 
that the fermion Green’s function was almost completely determined by the emergent conformal 
and gauge invariances in Eq. (26). These conformal and gauge invariances also fairly uniquely 
determine the holographic theory of matter moving in curved space in the presence of an electric 
held. So, with the beneht of hindsight, we can understand the equivalence of the fermion Green’s 
functions obtained in Sections II and III. 
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However, we have gone beyond the identihcation of Green’s functions, and also shown that the 
zero temperature entropy of the SY state can be mapped onto that of the AdS 2 theory (see Fig. 2). 
Specihcally, we chose an appropriate combination of observables in Eqs. (1,2) to allow us to gener¬ 
ally dehne a common frequency us, and we showed that this frequency was related to precisely the 
same derivative of the entropy in both the SY state and in charged black holes (where the entropy 
was the Bekenstein-Hawking entropy). In both cases, establishing this relationship required an 
analysis of the details of the model, and it did not follow from general symmetry arguments alone. 
In particular, for the SY state, the entropy computation required careful treatment of the manner 
in which the emergent gauge and conformal invariances, present at low energies, were broken by 
the on-site canonical fermions, present at high energies. 

This common relationship between us and the entropy indicates an equivalence between the 
low-energy degrees of freedom of the two theories in Sections II and III, and strongly supports the 
existence of gravity dual of the SY state with a AdS 2 horizon. The present results also imply the 
Cj fermion, with g = 1, of the theory in Eq. (12) is holographically dual to the ip fermion, with 
g = 1, [13, 36] of Eq. (64). As the microscopic c* fermion carries all of the Q charge of the theory 
in Eq. (12), we expect that ip also carries a non-negligible fraction of the charge (in the large N 
limit) behind the AdS 2 horizon. Both models likely also have higher dimension operators, but 
these have not been analyzed so far (see however Ref. 24). 

Note that the above discussion refers to the near-horizon AdS 2 geometry. The larger Reissner- 
Nordstrom-AdS solution is to be regarded here as a convenient (and non-universal) embedding 
space which provides a UV regulation of the gravitational theory. With such an embedding, we are 
able compute well-dehned values for S and Q. Presumably other gravitational UV embeddings, will 
have different ‘equations of state’ between S and Q, but the will nevertheless obey the fundamental 
relation in Eq. (8) provided they contain a AdS 2 horizon. We explicitly tested the independence 
on the UV embedding in Appendix B by comparing the cases of planar and spherical black holes. 

The above identihcation between the Cj and ip fermions differs from that made previously by 
the author in Refs. 22 and 23. There, ip was argued to be dual to a higher dimension composite 
fermion operator of the original model of SY [5] . This previous identihcation was based upon the 
requirement that local bulk operators must be dual to gauge-invariant operators on the boundary, 
and the original model [5] had a microscopic gauge invariance which did not allow the choice of q as 
dual to Ip. However, in the present model in Eq. (12), there is no microscopic gauge invariance, and 
so we are free to use q as the dual of the bulk ip held. It turns out that the low energy boundary 
theory for q does have a gauge invariance (as in Eq. (26)), but this is an emergent gauge invariance 
which is broken by UV terms needed to regularize the theory. The present situation is analogous 
to the theory of the Ising-nematic quantum critical point in metals, where the regularized model 
for the electrons is not gauge-invariant, but the low energy theory dehned on two Fermi surface 
patches does have an emergent gauge structure [37, 38] . And the present situation is diherent from 
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that in the ‘slave particle’ theories of condensed matter, where the gauge structure emerges from 
fractionalizing particles into partons, which influenced the reasoning of Refs. 22 and 23. Instead 
the same particle can be gauge-invariant in the underlying theory, and acquire an emergent gauge 
charge in the low energy theory. There is some similarity between this interpretation and ideas in 
Ref. 39. 

Finally, we note recent work [24, 40, 41] on ‘a bound on chaos’ which also related characteristic 
times of the real-time dynamics of strongly-coupled quantum systems to thermodynamics, h, and 
black hole horizons. 
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Appendix A: Non-universal constants of the fermion model 


We compute the constants C and 6 (or S) appearing in Eq. (3) for the microscopic model in 
Eq. (12). The results of this appendix do not apply to the holographic model of Section III. 

We can compute the self-energy from Eq. (30) and the second equation in Eq. (24) 


' cos(2g) sin(7r/4 + g) 

2(7rr)T2 

cos(26') cos(7r/4 -|- 6) 

2(—7rr)T2 


T J, T = 0 

t = 0 


A Fourier transform now leads to 


(Al) 


S(z) 


TT 


Im(2:) > 0, l^l <C J, T = 0. 


(A2) 


We now see that Eqs. (29) and (A2) are consistent with the hrst equation in Eq. (24), provided 
we choose the value of C to be 


C 


IT 


X 1/4 

cos(26') / 


(A3) 
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Finally, the value of 6 can be related to the density Q by a computation which parallels the 
Luttinger-Ward analysis [42] for a Fermi liquid. The present model has no spatial structure, and 
so no possibility of a Fermi surface. However, if we apply the steps of the Luttinger-Ward proof of 
the volume enclosed by the Fermi surface, we hnd an expression relating density Q to the spectral 
asymmetry angle 9. In other words, 9 plays a role similar to the Fermi wavevector in a Fermi 
liquid. And the relationship between Q and 9 is [7] 


1 9 sin(20) 

2~ n 4 


(A4) 


Note that the constraint —7r/4 < 9 < ti/A implies that 0 < Q < 1, as expected. In terms of S, this 
relationship is 

Q= ^(3 “ tanh(27rT)) — — tan“^ . (A5) 

The right-hand-side is a monotonically decreasing function of S which ranges between 1 and 0, as 
S increases from —oo to oo. 


Appendix B: Spherical black holes 


We consider the case of spherical black holes in global AdS, following the analysis of Ref. 12. 
For simplicity, we will limit ourselves to the T = 0 case. 

Now we choose a solution of the Einstein-Maxwell equations of motion of Eq. (49) with metric 


ds = —V{r)dt + r dVL^ + 


dr'^ 

V{?) 


where is the metric of the d-sphere, and 


= 1+ m + 


2 02 M 


' j,2d-2 j.d-1 ’ 


has a zero at r = rg so that 


M = 1 + + 


02 


R2 ' ^2d-2 


The zero temperature case has [12] 


02 = 


[(d-l)R^ + {d + iy,] 

{d - 1)R2 


(Bl) 


(B2) 


(B3) 


(B4) 


In the near-horizon region, we introduce, as in Section III, the co-ordinate ( via 



(B5) 
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where Eq. (56) is now replaced by 


R2 = 


R 


and the near-horizon metric becomes AdS 2 X S^, with 

-dR + d(‘^ 


(B6) 


ds^ = Rl 




-|- rndVtj. 


(B7) 


Turning to the gauge held sector, the charge density, Q, and AdS 2 electric held parameter £ in 
Eq. (57) are 


Q = 


£ = 


V2d [(d - l)i?2 + (d + l)r, 


iRqf 


gFro^j2d [{d - 1)R‘^ + {d + l)r, 


(B8) 


2 [{d - l)2i?2 + d{d + l)r2] 

The ‘equation of state’ obeyed by £ and Q is obtained by eliminating tq between the equations in 
Eq. (B8); this leads to a very lengthy expression which we shall not write out explicitly. 

Using the Bekenstein-Hawking entropy density 

2ti 


‘5bh — 0, 


and 


dS, 


BH 


^‘ 5 bh /dr 0 


(B9) 


(BIO) 


dQ dQ/dro 

and evaluating the derivatives via Eq. (B8), we can now verify that Eq. (8) is indeed obeyed. Note 
that 5 bh ^ 27rQ£^ here, unlike Eq. (60) for the planar case. 
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